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$Xarrow Y$ , Artin $L$- ,
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( ) “ ” ,
.
International $J$ . of Math. $(V\circ 13- 6)$ ,





, $X$ , . , $X=$
$(VX,\vec{E}X, \epsilon, \iota)$ , ,
$VX=$ , $Ex=$ , $|VX|<\infty$ , $|\tilde{E}X|<\infty$ .
$\epsilon,$
$\iota Y\ddagger$
$\epsilon=0\cross t$ : $\tilde{E}Xarrow VX\cross VX$ $\epsilon(y)=(o(y),t(y))$




$\epsilon(y^{-1})=(t(y), o(y))$ $\forall y\in\vec{E}X$ .
$X$ , $e=\{y, y^{-1}\},$ $y\in\vec{E}X$
, $EX$ . $X$ . $X$
$y\in Ex$ $u(y)$ .
: $u(y)=u(y^{-1})\forall y\in\tilde{E}X$ . $X$ $\ell$ (Path)
$C=(y_{i_{1}}, y;_{2}, .., y;_{\ell})s.t$ . $t(y_{i_{k}})=o(y_{i_{k+1}})$ for $1\leq k\leq\ell-1$ , $C$
$|C|=\ell$ . $C$ u ,
$u(C)$ $:=u(y_{i_{1}})\ldots u(y_{i\ell})$ . (1)
. $o(C)=o(y_{i_{1}}),$ $t(C)=t(y_{ip})$ , $o(C)=t(C)$ $C$
(closed path) . $C$ $y_{i_{k+1}}\neq y_{i_{k}^{-1}},1\leq i\leq P-1$
proper , $C,C^{2}(:=C . C)$ proper reduced .
Reduced $C^{rcd}(X)$ , , $P$ $C_{\ell}^{red}(X)$ .
$C=(y;_{1}, .., y_{ip})$ $k$
$C^{(k)}=(y;_{k+1}, ..,y;_{p}.’ y_{i_{1}}, ..,y_{i_{k}})\in C_{\ell}^{red}(X)$ $(k\in Z/\ell Z)$ . (2)
. , $C_{\ell}^{red}(X)$ . $C$ $[C]$ ,
cycle . $C,$ $[C]$ $C=C_{0}^{k}=C_{0\cdotsrightarrow}\cdot C_{0}(\exists k>1, \exists C_{0}\in C^{red}(X))$
, (prime) (primitive) . $C$
$C^{pr}(X))$ . .
$\wp(X)$ $;=$ $\{[C];C\in C^{pr}(X)\}$
$\wp_{\ell}(X)$ $;=$ $\{[C];C\in C_{\ell}^{pr}(X)\}$ .
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, $G$ $X$ , inversion
$(yarrow y^{-1})$ $(cf.[13])$ , $Y$ :
$\varphi$ : $Xarrow Y:=G\backslash X$ . $u$ G- . $\wp$ $:=[C]\in\wp(X)$
prime cycle , ,
$G_{\wp}$ $:=\{\sigma\in G;\sigma.[C]=[C]\}$
$I_{\wp}:=\{\sigma\in G;\sigma.C=C\}$ (3)
. , $\sigma\in G_{p}$ $C$ $C\mapsto C^{(k)}$ .
$k=k_{\sigma}$ $0\leq k_{\sigma}<p_{\wp}$ . $\sigmaarrow k_{\sigma}$
$1arrow I_{\wp}arrow G_{\wp}arrow d_{\wp}Z/P_{\wp}Zarrow 1$ , (4)
. $d_{\wp}$ , $\wp$ . , $k_{\sigma_{\mathcal{P}}}=d_{\wp}$
$\sigma_{\wp}\in G_{\wp}(mod I_{\wp})$ $\wp$ . $C$ $G_{\wp}$
$F_{\wp}$ $:=G_{\wp}\backslash C=(y_{i_{1}}, \ldots, y_{i_{d_{p}}})$ (5)
. . , $u(F_{\wp}):=\prod_{j=1}^{d,}u(y_{1j})$ $d_{\wp}$ .
,
$\wp(X;d)$ $;=$ $\{\wp\in\wp(X)|d_{\wp}=d\}$
$\wp_{G}(X)$ $:=$ $G\backslash \wp(X)$ ( $=$ {prime cycles G- }) (6)
$\wp_{G}(X;d)$ $;=$ $G\backslash \wp(X;d)$ .
.
3 $(X, G)$ Artin $L$- .
$\rho$ : $Garrow U(V_{\rho})$ . , $(X, G;\rho)$ Artin





. $V_{\rho^{I_{p}}}$ $a$ $I_{\wp}- fixed$ vectors $V_{\rho}$ . $\varphi$ :
$X$ $arrow$ $Y;=G\backslash X$ , $G\cong\pi_{1}(Y)/\pi_{1}(X)$ ,
L- , [6] . , $G=\{1\}$
$L(u, \rho;X, G)=Z_{X}(u)$ [5] $X$ .
, $L(u,\rho;X, G)$
. , u ,




. $(\rho, V_{\rho})$ G-equivariant $\check{E}X$
:
$M_{\rho}^{1}(X;G)$ $:=$ { $f$ : $\tilde{E}Xarrow V_{\rho};f(\gamma y)=\rho(\gamma)f(y)$ , for $\forall\gamma\in G,\forall y\in\vec{E}X$ }.
(9)
. , $T$ $M_{\rho^{1}}(X;G)\otimes_{C}$ A(A $:=C[u]$ ): $A-$
:
$T_{\rho,u}f(y)= \sum_{(y,y):proper}f(y’)u_{(}y’)$ . (10)
:
Theorem 3.1.
$L(u, \rho;X, G)=\det(I_{d}-T_{\rho,u})^{-1}$ . (11)
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[5] . , $T_{\rho,\acute{u}}$ [5]
\sim ,
: $\{z_{j}; 1 \leq j\leq 2m\}$ $G\backslash EX\cong EY$ , $u_{j}=u(z_{j})(1\leq$
$j\leq 2m)$ . $P\in VX$ valency $q_{P},$ $G$ $G_{P}$ .




(12)din $V_{\rho}^{G_{P}}$ $\prod$ $u_{j^{jmV_{\rho}^{I_{j}}}}^{d}$ ,
$b_{1}(X, G):= \sum_{z\in(G\backslash EX)}\dim V_{\rho}^{G_{z}}(=\frac{1}{2}\dim M_{\rho}(X))$ ,
(X, $G$) $:= \sum_{P\in(G\backslash VX)}\dim V_{\rho}^{G_{P}}$ .
$L(u, \rho;X, G)$ :
$\bullet$ $X$ valency 1 G-orbit $L(u, \rho;X, G)$ .
$\bullet$ $X$ $z_{j}$ G-orbit , $L(u, \rho;X, G)$ $u(z_{j})=$
$0$ :
$L(u,\rho;X, G)|_{u(z_{j})=0}=L(u,\rho;X\backslash Gz_{j}, G)$
$\bullet$ $X$
$z_{j}$ G-orbit (contract) , $L(u, \rho;X, G)$
$u(z_{j})=1$ :
$L(u,\rho;X, G)|_{u(z_{j})=1}=L(u,\rho;X/G.z_{j}, G)$ .
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4 Perron-Frobenius .
$u_{j}=u(z_{j})$ $u_{j}\neq 0$ $(1 \leq j\leq 2m)$ , $|u|$
(resp. $\arg(u)$ )
$|u|(z_{j})$ $=$ $|u_{j}|$ ,
$\arg(u)(z_{j})$ $=\arg(u_{j})$ .
(13)
. , Tl, ,
. $\lambda=$ \mbox{\boldmath $\lambda$} . $\lambda$
:(c.f.[12]):
$\bullet$ $\lambda_{|u|}=\max\{\mu\in R;T_{1,|u|}x\geq\mu x(\exists x\geq 0,x\neq 0)\}>0$ .
$\bullet$ $\lambda_{|u|}$ $T_{1,|u|}$ , $T_{1,|u|}$
1 .
$\bullet$ $x$ $\lambda_{|u|}$ .
$\bullet$ $T_{1,|u|}\geq B\geq 0$ , $\beta$ $B$ $\lambda_{|u|}\geq|\beta|$ .
$\bullet$ $T_{1,|u|}$ $\lambda_{|u|}=|\beta|$ ; $T_{1,|u|}=B$ ,
$\lambda_{|u|}=\beta$ .
$T_{1,|u|}$ , $n$ $T_{1^{n},|u|}>0$
. , $(X,G)$
$g_{G}(X)$ $:=gcd\{d\in N;\wp(X;d)\neq\emptyset\}$
$=1$ : $X$ G-primitive)
.
Lemma 4.1 $\rho\in\hat{G}$ ($i.e.$ , $\rho$ $G$ ) , $\mu$ $T_{\rho,u}$
(i) $\lambda_{|u|}\geq|\mu|$ .
(ii) $\lambda_{|u|}=|\mu|$ , $\rho$ 1 $\wp\in\wp(X)$
$\arg(\rho(\sigma_{\wp}))$ $=d_{\wp}\arg(\mu)-\arg(u(F_{p}))$ . (14)
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Corollary 4.2 $T_{1,|u|}$ $(X, G)$
$g_{G}(X)$ $:=gcd\{d\in N;\wp(X;d)\neq\emptyset\}$
$=1$ ($:X$ G-primitive ).
$G$- $u$ , $\{u_{j}=u(z_{j});z_{j}\in\vec{E}X\}$
$W(X)=W(u;X)$ ,
$WC(X)$ $;=$ $<u(\wp);\wp\in\wp(X)>$
$WC_{G}(X)$ $;=$ $<u(F_{p});\wp\in\wp(X)>$ (15)
. $[W(X) :W\dot{C}(X)]<\infty$ $X$ (separable), $WC(X)=$
$W(X)$ (resp. $WC_{G}(X)=W(X)$ ) , $X$ (strongly separa-
ble) (resp. G- (strongly G-separable)) .
Theorem 4.3 $\rho\in\hat{G}$ $T_{\rho,u}$ $\lambda_{|u|}=|\mu|$ $\mu$
, $\rho$ 1 :
(i) v ,
$L(v,\rho;X, G)$ $=$ $L(v\exp(\sqrt{-1}(\arg\mu-\arg u)), 1;X, G)$ . (16)
(ii) $\rho=1$ $X$ G-
$\arg u_{j}=\arg\mu$ $(1 \leq j\leq 2m)$ .
(17)
(iii) $X$ $\rho=1$ $\arg u_{j}=\arg\mu$ $(1\leq j\leq 2m)$ .
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5 (1): simple case.
$X$ circle $S^{1}$ homotopic , $u=1$
. $T_{\rho}$ $:=T_{\rho,1}$ . , $\lambda$ $T_{1}=T_{1,1}$ ,
Proposition 3.2 $X$ $\lambda>1$ . key
. $k\in N$ $S\subset G$
$C_{\wp^{k}}(S)$ $;=$ $\frac{1}{\#(I_{\wp})}\#(\{\gamma\in I_{p}|\sigma_{p}^{k}\gamma\in S\})$ $(\wp\in\wp c(X))$ . (18)
.
Theorem 5.1. (i) $g_{G}(X)|p$ $\wp c(X;^{p})=\emptyset$
$\#(\wp_{G}(X;g_{G}(X)p))$ $\sim$ $\frac{\lambda^{9G(X)\ell}}{\ell}$ $(p\uparrow\infty)$ . (19)
(ii) $G$ $[\tau]$
$\sum_{\wp\in\wp_{G}(X,g_{G}(X)\ell)}C_{\wp}([\tau])$
$\sim$ $\frac{\#([\tau])}{\#(G)}\frac{\lambda^{g_{G}(X)\ell}}{p}$ $(l\uparrow\infty)$ . (20)
.
Theorem 5.2.
$\pi(X, G;^{p}, [\tau])$ $\sim$ $\frac{\#([\tau])}{\#(G)}\frac{1}{\lambda^{gG(X)}\vee-1}\frac{\lambda^{g_{G}(X)\ell}}{p}$ $(p\uparrow\infty)$ , (21)
$\varphi$ : $Xarrow Y:=G\backslash X$ , $\wp$ $I_{\wp}=1$
, :
$\pi(X, G;l)$ $\sim$ $\frac{1}{\lambda^{gG(X)}-1}\frac{\lambda^{g_{G}(X)\ell}}{l}$ $(p\uparrow\infty)$ . (22)
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6 (2): generic case.
u generic . , ,
$[10][11],[1]$ , Wiener- Tauber
.
$\kappa$ : $\vec{E}Xarrow R+$ $\vec{E}X$ G- , $\kappa_{j}$ $:=\kappa(z_{j})(1\leq j\leq 2m)$
. $s$
$u_{j}$ $=$ $u(z_{j})=\exp(-K_{j}S)$
$N_{\kappa}(\wp)$ $=$ $u(F_{p})|_{s=-1}=$ $\exp(\kappa_{j_{1}}+\ldots+\kappa_{j_{d_{p}}})$ . (23)
. , $s$ L-






, $L(s,\rho;X, G, \kappa)$ .
. , $T_{\rho,\kappa}(s_{0})$ 1
$s=s_{0}$ . $s\in R$ , $T_{\rho,\kappa}(s)$
$\lambda_{\kappa}(s)$ $s$ ,
$\lim_{sarrow\infty}\lambda_{\kappa}(s)=0$




6) $L(s,\rho;X, G, K)$ $Re(s)>h_{\kappa}$ .
(ii) $L(s, 1;X, G, K)$ $s=h_{\kappa}$ .
(iii) $L(s,\rho;X, G, \kappa)$ $s=h_{\kappa}+\sqrt{-1}t$ $\Leftrightarrow$ $\deg(\rho)=1$
$\forall\wp\in\wp(X)$
$\arg(\rho(\sigma_{\wp}))=\kappa(F_{\wp})t(:=(K_{j_{1}}+\ldots+K_{j_{d_{p}}})t)$ . (27)
$L(s, \rho;X, G, K)=L(s-\sqrt{-1}t, 1;X, G, K)$ $(\forall s\in C)$ , ,
$Re(s)=h$. simple .
(27) , $t\neq 0$ , $G$
$(K_{j_{1}}+\ldots+\kappa_{j_{d_{\varphi}}})t\in Q\pi(\forall\wp\in\wp(X))$ .
, $X$ .
$\kappa_{i}/\kappa_{j}\in Q(\forall i,j)$ .
$\kappa$
$(*)$ : $i,j$ $\kappa_{i}/K_{j}\not\in$
, $(\wp_{G}(X), N_{\kappa}(\wp),$ $G$) [15], [16] nice’
, Tauber .
$\pi_{\kappa}(X, G;x, [\tau])$ $;=$
$\sum_{\wp\in PG(X),\kappa(\wp)<x}C_{\wp}([\tau])$
,
$\pi_{\kappa}(X, G;x)$ $;=$ $\#(\{\wp\in\wp_{G}(X);\kappa(\wp)<x\})$ $(K(\wp)=K(F_{\wp}))(28)$
.
Theorem 6.2 $X$ $K$ $(*)$ , $G$
$[\tau]$ , :
$\pi_{\kappa}(X, G;x, [\tau])$ $\sim$ $\frac{\#([\tau])}{\#(G)}\frac{\exp(h_{\kappa}x)}{h_{\kappa}x}$ $(x\uparrow\infty)$ , (29)
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$(X, G)$
$\pi_{\kappa}(X, G;x)$ $\sim$ $\frac{\exp(h_{\kappa}x)}{h_{\kappa}x}$ $(x\uparrow\infty)$ , (30)
Remark. $\kappa$ $(*)$ , $\kappa_{i}/\kappa_{j}\in Q(\forall i,j)$ ,
simple case . $t$
$m_{j}(1\leq j\leq 2m)$
$\kappa_{j}=m_{j}t(\forall j)$ , $gcd\{m_{j}\}=1$
, G-orbit $Gz_{j}$ $m_{j}$ , $X$
$X^{(\kappa)}$ . Theorem 5.1, 5.2 .
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